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Abstract. The objective of this paper is to provide an analytic theory for
pricing of Asian options of European type. We present a partial differential

equation describing the fair price process of an Asian option. This appears as
0y —A—z-Vy)u=0

and the associated payoff function as the end value. Here the operator A is
the d-dimensional Black-Scholes operator, and B = x - V, represents the path
dependence in terms of the price averaging in Asian options. The main result
will be to prove, that a solution of this partial differential equation exists, is
unique, and depends continuously on the data in appropriate function spaces,
i.e. that the problem is well-posed. On our way we are going to employ

semigroup methods, in particular the Lumer-Phillips theorem.

1. INTRODUCTION

Let J :=[0,T] and (Q, F, P) a complete probability space with filtration {F; }ic s;
thus
Fo={0, QUNCF,CcFCFrcF s teld, s<t,
and N = {N € F: P(N) = 0}. We consider a market containing d + 1 assets, the
0Oth being riskless, the remaining d being risky with prices Si : @ — R, i =0,...,d,
in time t € J. Let {S;} = {(SY,...,8H)T} € La(J x Q; R4 be the {F;}-adapted
vectorial price process. We assume as usual that the asset price processes S; are

driven by stochastic differential equations
dSY = r(t)SPdt, Sy =1
(1.1) i i i - i 1720 i .
dS} = p'(H)Sjdt + Y ok()SidB!, S} >0 given
j=1
wherei=1,...,dand t € J.
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Here r € L (J) is the deterministic rate of interest of the riskless asset at time
t, 11" € Loo(J x Q) the growth rate of asset i, 0 € Loo(J) the variances, also known
as volatilities of the market which is assumed to be complete, i.e. the matrix (o7)
is surjective. The process {B; }+c.; denotes a m-dimensional Brownian motion with
independent components Bg .
Henceforth &F; is assumed to be the complete o-algebra, which is induced by the
history of the Brownian motion {Bs}s<¢. Moreover we assume that {ui(t)} is an

adapted process, i.e. u’(t) is Fy-adapted. We define

() = O, kO and o(t) = (0H(0)ee

Our objective is to find a self-financing portfolio strategy 6; and the fair price
for an option at time ¢, if a function g € C((0,T] x ]Ri X Ri) is appointed, which
replicates g, i.e. Z := g(T,5%,1(S%)), with S} = (Stl,...,Sfl)T and I(S}) =
(I(S}),.. .,I(Sf))T is defined by I(SF) := fot Skdr. Subject to these conditions
Y, := 0, - S; is the fair price at time ¢ with end constraint Y = Z. Our candidates

of interest for g are

(1

g(t, St I(S))) = gl(Stk) - K] (average price call on asset k),
+

[ 1
g(t,S;, I1(SF)) = |SF - tI(Stk)] (average strike call on asset k),
+

[ 1
g(t,S;,I(S)))=|K — tI(Sf)] (average price put on asset k),
L +

1
g(t, Sy, I(S))) = EI(Stk) - Sf] (average strike put on asset k),
+

with k = 1,...,d. We restrict our attention to the ”FEuropean case” which means
that an option can only be executed at expiration time 7. Therefore it will suf-

fice to evaluate the payoff function g in t = T" and we will write g(T, z,y) =: g(z,y).

In the following section we will construct a 2d+ 1 dimensional partial differential
equation of elliptic-hyperbolic type, describing the fair price process of an Asian
option. Then, in Section 3, the Lumer-Phillips theorem is employed to obtain
well-posedness of the Euler transformed problem on the spaces

Xoo == Co(R? x RY) := {u ECR*'xRY): lim wu(z,y) = O}
[z]+]y|—o0

endowed with norm ||Ju| = supzeRd,yGRiﬂu(:ﬂ, y)|}, and
X, =L,(R*xRYL), 1<p< o,

equipped with their natural norm. We will make use of Yosida approximation to

verify the generator property of a sum of noncommuting generators. Finally in
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Section 4 we present an appropriate scaling of the end conditions and we show that
well-posedness is invariant under this scaling. Lastly the Lumer-Phillips theorem

is the key to obtain the well-posedness results.

We introduce some notations. The dot between two vectors a and b denotes the
inner product, i.e. a-b = 2?21 a;b;. A double dot between two matrices A and B
similarly denotes the double summation, i.e. A: B = Z?:l 2?21 a;5bi;. Moreover
V2 means (V2);; = 0,,0,, and we define (zy); := z;y;, (xxV3)i; = 2;2;0,,0,, for

z,y € R

2. THE BLACK-SCHOLES APPROACH

The basic idea consists in the approach following the fundamental work of Black-
Scholes [BS73]. We use the ansatz Y; = u(t, S}, I(S])) and try to determine the
function u(t,z,y) with t € J, z = (z1,...,2%) € R4, and y = (y},...,y?) € RY.
We already know that u satisfies the end constraint w(T, S5, I(S})) =Yr = Z =
9(S3.1(53), ie.

(2.1) u(T,z,y) = g(z,y), S ]Ri, y € ]Ri.
Applying It6’s formula we have
1
dY; = dyudt + 0,udS; + dyudl; + 5ajuds;‘ds;‘ + 92, udS;dl,

1
+ 5 05udLdl,

d d d d
i i 1 i
= Qyudt + 21; Oy, udS} + 21: Oy, udl; + 5 21: ;71: Oy, O, ud SidSF
d d d d

) 1 )
+ 300" 0,,0,,udSidIf + 3 >N 8,0, udLidlf.

i=1 k=1 i=1 k=1
The relation dIf = SFdt and (1.1) yield

d m d
dY; =0pudt + Y " Opu |pSidt + Y o SjdB! |+ 9,,u[S)dt]

i=1 j=1 i=1

d d m m
1 i Qi i Qi j j
+5 § 1 ;; 18Ilarku piSydt + § 1ajstng pySFdt + § la;?sdeg
= = Jj= J=

d d m
+ 3D 00, 0yu | | piSidt+> ol SidB] | (Skdt)

i=1 k=1 j=1

+ % zd: zd: 0y, Oy, u [(SZdt) <Stkdt>] '

i=1 k=1
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With subject to the common conventions (dt)? = dt-dB; = 0 and (dB;)? = dt, the

following equation follows

(2.3)

ay, = 8tu+ZuiS§8wiu+ZS§8yiu+%ZZ > oiok | 81Sf0,, 00 u| dt

d d d m
=1 i=1 i=1 k=

1 \j=1

deterministic part

m d
+° (Z awiua;isg‘> dB;.
j=1 \i=1

stochastic part

On the other hand Y; = 6, - S; = 07 - S; + 69 - SV, hence with the self-financing

condition

another representation of dY; arises as

d d m
dY; =0, - dS, = 09 SPdt + > 0;Sudt + Y Y " 0iSiotdB]

i=1 i=1 j=1
(2.5) A I A
= [00rS? + 3" 0iSiui | dt + 33" 6iSiot dBY.
i=1 j=11i=1
deterministic part stochastic part

Thanks to the uniqueness of the It6 transform we are able to compare the deter-

ministic and stochastic coefficients of both representations (2.3) and (2.5).

The comparison of the stochastic parts yields
of - (8;Veu) = af - (0;5))
and due to the injectivity of the matrix o} we obtain
(2.6) 07 = Vyu(t, Sy, I(S])).
The comparison of the deterministic coefficients provides
1

(2.7) Opu+ (Sfpe) - Veu+ Si - Vyu+ §0t0tT S (S7SIV2u) = 097480 407 - (S ut).

After insertion of (2.6) the remaining equation reads as follows

1

(2.8) O+ S - Vyu+ i(O'tO'tT) (878 V2u) = 097,50,
Since u(t, S;, I1(S})) =Y, = 05 - S; + 6095 we have

2.6)

0050 =u—0:-5 2w 5. V,u
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and therefore
(2.9) 07 = (S) 7" [ult, S7, 1(S7)) — Sf - Vault, S, 1(S))].-
As a last step we have to insert (2.9) into (2.8) and resubstitute S} with z and
I1(S}) with y, so that the following partial differential equation arises
1
o+ -Vyu+ = (0p0] ) 2aViu =1 (u— - Vyu), z,y € RY.
2 —
Hence we derived a 2d + 1 dimensional partial differential equation with inverse

time direction

d d d d
Opu + Z 20y, u + % Z Z @ik (£) 2205, O v = 7(t) [u - Z xiﬁmiu] ,
i=1 i=1

i=1 k=1

(2.10)
U(Tvx’y) = g(T,x,y),

where z,y € IR‘_f_ and t € J.
For simplicity, we assume, that a(t) = a and r(¢) = r. By doing so we can write
(2.10) as

d d d d
1
Oyu + E 230y, u + 3 § E ik T T O, Og, u =7 lu - E xﬁw] ,
=1 =1

(211) i=1 k=1
u(T,z,y) = g(x,y),

with z,y € RY and ¢ € [0,7].

This is the basic model for the pricing of an Asian option of European style. In

short form it is written as
1

atu—l—:c-vyu—&—?

a:rxViu=r(u—z-Vyu), te0,T), z,y € RY,
w(T,z,y) = g(z,y).
In order to eliminate the strong degeneracy of the coefficients in (2.11) we are going

to run an Euler-Transformation. Therefore we substitute x; ~ €% and u ~» v with

/U(t’ 57 y) = /U/(t, x?y) = u(t7 65’ y) = ,U(t7 logx) y)7

where €& = (e%,...,¢e*)T and logx = (logzy,...,logzg)?. Hence the first

partial derivative of v with respect to & is
(2.12) O, u(t,€,y) = 2;0,u(t, x,y)
and the relevant second partial derivation results as
0,06, 0(1,€.y) = (2,0, )(2:0,0) (1, 2.)
(2.13) 23250y, 0z, u(t, ,y) Ry
(x¢)28§iu(t,x,y) + 2,0, u(t,z,y) i=7j .
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Thus the differential equation in v appears as

d d d d
O + Zefiﬁyiv + %Z Z @i 0¢, O, v =1 lv — Z@giv
i=1 i=1

1 d
: + 5 Z aiia&’l}.
i=1 k=1 i=1

Time direction can be inverted with a time reflection by substituting ¢ ~ T'— ¢ and

v~ w with w(t, &, y) = v(T —t,£,y). Thus the final problem can be written as

d d d d d
—Oyw + Z e&ayiw + % Z Z i 0¢, O, w =7 lw - Z Oc,w| + % Z a3 O, W,
i=1 i=1 i=1

i=1 k=1

w(0,§,y) =g (eﬁ’y) )

with £ € R4, y € Ri and t € [0,1]. Introducing the vector b by b; := r — %% we
obtain the following problem
(2.14)

1
atw—i-?"w—l%ng—iazvgw:eg~vyw, t e (0,1], £ € RY, yERi,
w(0,€,y) = wo(&,y) == g (¢*,y) -

It is this problem we will study mathematically, the inverse Euler transform is left

to the reader.

3. WELL-POSEDNESS OF THE PROBLEM

Our objective is to prove that the problem (2.14) is well-posed in the spaces X,
1 < p < o0, introduced in Section 1, i.e. that its solution exists, is unique, and

depends continuously on the data. We start providing two preliminary lemmata.

Lemma 3.1. The family of operators {Tp(t)}i>0 C B(X,), 1 <p < oo given by
(T (t)uo)(&,y) = uo(&,y +tet), t>0, E€RY, yeRE
defines a Co-semigroup of contractions in X,,.

PrOOF. It is obvious that {Ts(t)}:>0 satisfies the semigroup property. The

following equation assures the contractivity of semigroup {Tp(¢)}i>0 for 1 < p < oo
P
ITa(uo(@)l = [ fuo (€.-+ 2c5) " dy
Ry

B / uo(€, )P dz,  (with 2 =y + te®)

d
UCRY

< luo(E)II5-
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Integrating over ¢ € R? yields the claim. For p = oo we receive

I T5()uo ()]l = sup [uo (& y +te)| < sup |uo(&,y)| = [luo(é)]l -
yeRE yeRE

This implies that | T5(¢)uoll, < |Juoll, holds for 1 < p < 0.
The Cy property for 1 < p < oo follows directly from the fact that the space of test

functions is dense in X,. O

In the sequel we denote with B the generator of {T5(t)};>0; note that B = €5-V,
holds at least on C5°(R% x R%) C D(B).

Lemma 3.2. The operator A: D(A) C X, — X,, 1 < p < oo, defined by
1 2
Au = iazvgu—l—b'Vgu—ru
with domain

w2 (R4 L,(RY)) for1 < p < oo,
{u € Co(RHYN N W2, (RY): Au € CO(IRd)} forp=o0
q>1

q,loc

D(A) =

generates an analytic Co-semigroup of contractions in X,.

PRrROOF. Lunardi proved in [Lun95, Corollary 3.1.9] that A generates an analytic
Co-semigroup {T'4(t)}+>0. This semigroup is given by

(3.1) (Ta(tyuo) (€)= e / wo(€ — 1, 9)Venra(n)dn,
Rd

where 7, (1) is the Gaussian distribution, i.e.

Vo (1) = —1(0‘1(n—u) In—u)}-

———————ex
(2m)ddet o P { 2
Since v,,-(n) > 0 and f]Rd Vu,o(1)dn = 1 we obtain by Young’s inequality
ITa@®)]lp < e
forall 1 <p < oo. O
In the following By := B(I — AB)~! denotes the Yosida-approximation of the

operator B. It is well known that limy_ o+ Byz = Bz for 2 € D(B) and also that

if B is a generator of a Cy-semigroup of contractions then so is Bj.
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Proposition 3.1. Let X be a reflexive Banach space. Let A and B be dissipative

generators and suppose that the solution uy of

(3.2) wu—Au— Byu=f

satisfies

(3.3) sup |Byux| < o0
A€(0,1)

for a dense set of right hand sides f. Then A + B is the generator of a Cy-semigroup

of contractions in X .

PrROOF. We employ the theorem of Lumer and Phillips [LP61]. Obviously A+ B
is dissipative. Due to the assumption that {Byuy} is bounded it holds that {uy}
is bounded and hence {Auy,} is bounded as well. Since X is reflexive there is
a sequence (A,) C R with A, — 0 such that u, := uy, — u, Au, — v, and

By, un, — w. Because graph(A) is closed and convex we have
(3.4) graph(A4) 3 (un, Au,) = (u,v) € graph(A) in X x X

and thus (u,v) = (u, Au) with u € D(A). Moreover, since (I — X\, B) " lu, — u as

well, we obtain also
(3.5) By, u, = B(I — \,B) 'u,, — w = Bu

with w € D(B). Summarizing, we have proven that w, converges weakly to a
solution u € D(A) N D(B) of

(3.6) wu— Au—Bu=f

for a dense set of right hand sides f; hence R(w — Au — Bu) = X and the theorem
of Lumer-Phillips applies. O

Theorem 1. Let the operator L : D(L) C X, — Xp, 1 <p < o0, be defined as

1
Lw = 3" Viw+b- Vew —rw + e*Oyw,

with domain D(L) = D(A) N D(B) and consider the abstract Cauchy problem
dyw—Lw =0 in (0,T] x R x RY,

3.7

3.1) w = wo on {t =0} x R? x RY.

Then problem (3.7) is well-posed in X,.

PrOOF. Lemma 3.2 resp. Lemma 3.1 the Lumer-Phillips theorem [LP61] imply
that the operator A given by Au = %a : Vgu +b-Veu — ru and the operator B
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introduced after Lemma 3.1 are dissipative generators. We want to show that the

range of w + A + B is dense in X,,. So we consider the equation
(3.8) wuy — Auy — Byuy = f

which admits a unique solution uy € D(A), A > 0. Here we take f € C*(R?xR%),
supp f compact; this set is dense in X, for each 1 < p < oo.

Since A and €%, j =1,...,d, do not commute we obtain

w(eSuy) — A(eSiuy) — Bx(eSiuy) = €% f — A(eSuy) 4 €% Auy
3.9
(3.9) =eSif—[AeSuy, j=1,....,d,

where [A, %] denotes the commutator of A and e%. Employing the sum convention

we have
[A, e v = a;k 0; 0 (e50) + b;0; (%7 v) — e’ ‘%’“aiaku — €Sib;0p
ik

= 5 8¢(€§j 8;50 + (5jk€£j ”U) -+ egj bz(aﬂ} -+ 5jﬂ}) — 653' a—;kaﬁkv — 6§j bzaﬂ)

= a;'k (%‘ie%@kv + 315 0pv + 5ji5jk€€jv) + (7" _ %) i
- %egjaw + %egjaﬂ) +rediv

= a;,e% Opv + retiv

= a0 (% v) — aj;(e¥v) + r(e%v),

due to b; =7 — a;,/2 and since (a;;) is symmetric. Thus we obtain the equation

(3.10) (w7 —aj;)(5uy) — A(eSuy) — Aj(e¥uy) — By(eSuy) = €% f
with Ajv := —a;,0kv. Because the operators A; are also dissipative we choose
w>2max{aj; —r:j=1,...,d} and it results
v 2, ¢ v 2, ¢
(3.11) H65Ju>\||p < ;Hegjfnp as well as ||€€Jayk,u>\”p < ;”egjaykf”p'

This implies that

| Bruxrllp = <alBuplp, <c

p

-1
1/1

for 1 < p < oo and Proposition 3.1 applies for 1 < p < co. For the case p = o

it follows that [|Aux[c < ¢ and we obtain J¢,uy € Cf as well as O, 0y, ux € Cg
with @ € (0,1). Thus there is a sequence (\,) C Ry with lim, o, A, = 0, such
that Vyuy, — Vyu and uy, — u as n — oo uniformly on compact sets. In
particular this means that for every ball B,.(0) with radius » € IN we find a sequence
(Arn)n C Ry with lim, oo Ay, = 0 such that By, ux

as n — oo uniformly on B,(0). By a diagonal-sequence argument we obtain the

— Bu and Auy, , — Au

n

existence of a sequence (A;) C Ry with limg_,o Ay = 0 such that By, uy, — Bu
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as well as Auy, — Au as k — 0o on an arbitrary compact set K C RY x ]Ri. This

implies
(3.12) wu+ Au+ Bu=f
also in the case p = 0o, and the theorem is proved. [

4. THE CALL-PUT PARITY

Suppose that u, is a solution of problem (2.11) with g(z,y) = [Fyr — K]+ resp.
g(z,y) = [zr — TYk]+. Accordingly suppose that u, is a solution of (2.11) with
g(z,y) = [K — Fyil4 resp. g(x,y) = [Fyr — xx]+. Since problem (2.11) is linear,

we obtain that u. —u, is a solution for g(z,y) = %yk — K resp. g(z,y) = xp — %yk.

In this section we will present an appropriate scaling g of the end conditions
g, such that § € X, holds and that the scaled problem is still well-posed. Then
the Lumer-Phillips theorem results that in particular the solutions of the scaled
problem, hence the solutions of (2.11), are unique. Thus the following propositions
provide the call-put-parities for the average price option resp. the average strike

option.

Proposition 4.1. u(t,z,y) = "1 [T (yp +r7tay, ("7 — 1)) — K] is a
solution of (2.11) with g(x,y) = %yk - K.

PROOF. Obviously, the end condition with the postulated g holds. Thus it

remains to prove, that u is a solution of the partial differential equation (2.11):

d d
1
Oyu + E xi0y,u + 3 g 30050y, 0 u

i=1 i,j=1
_ o r-m) | L N 1 a1
=e T (ryx —xp) —TK| + Te Tg
1 1
_ %er(th)yk _ Ter(th)xk et TET(FT)%
1 1 1 1
_ %er(th)yk + T~ Ter(th)xk CpertD T + Ter(th)xk

d
=r lu — Zwﬁmiu} .
i=1

Proposition 4.2. u(t,z,y) = x5 — T-1lert=T) [yk + apr! (eT(T_t) - 1)] s a so-

lution of (2.11) with g(x,y) = x) — %yk.
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PROOF. The end condition with the postulated g holds obviously. Thus it

remains to prove, that u is a solution of the partial differential equation (2.11):

d d
1
Oyu + g 20y, u + 3 E i TiTj 0, Op 0

i=1 ij=1

— ler(t—T) (

T

_ _%er(t—T)yk lereemy, L oeen,,

L or—
T = TYk) = xkfer(t o

r _ 1 1 -~
:T.%‘k—feT(t T)yk_fmk"‘fer(t T)

d
=r lu — Zxﬁxu] .
i=1

1 1
T — rTE + 7%k~ Te’"(t_T)sck

Consider the scaling of the end condition

Uo

41 vo= ——
(4.1) = T R P

ug € {[zx — Fyrl+; [K — Fukl+ }

for z,y € R%, where |2|2 = 2%, #2. Hence we have u = (1 + |z|2 + [y[2)v and we

compute the relevant derivatives, i.e.
3tu =(1+ ‘.’L'|2 + |y|2 at’l)

1
1 2

(

O, u = (
( ayiv + Zyiv
(

(4.2)
(4.3)
(4.4) Oyu = (1+ |z* +|y|
(4.5)

)
2 2

+ |2 + |y*) 0, v 4 2240
)

axf Ogu = (1+ ‘1:|2 + |y|2)axj 02,0+ 220y,v + Qxiaa:jv + 0452v.

By means of sum convention and equation (2.11) we have

1
(4.6) O+ x;i0y,v + §aijxixj8m8,;jv —r(v—2;04,0)

= —m/(z, y)(Qaijxix?(?‘xi + ayx? + rlz* + 2y)v,

with m(z,y) := 1/(1 + |22 + |y|?). To run an Euler-transform in z, i.e. x; ~» e,
i=1,...,dand v ~ w with w(t, £, y) = v(t, e, y), we use the calculated derivatives
(2.12) and (2.13) and receive

1
(4.7)  Opw + €% 0y, w + b;de,w + iaij(“)git?xjw —rw

= —m(eg, y)(2aij6251' O¢, + a;e%% + r|e£|2 + 2y;)v,
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an

with vector b given by b; = r — %t. As a last step we invert the time, i.e. ¢ ~» T —t¢,

and denote the inverted functlon again with w; hence

1
(4.8)  Ow — %0y, w — b;de,w — iaijﬁ&axjw +rw

= m(e®,y)(2a:;€*%1 O¢, + a;ie®* + 7> 4+ 2y)w
holds. Let us introduce the operators G and H by

d d
Gw := 2m(es,y) Z Z ;€% O, w

i=1 j=1

d
Huw :=m(ef,y) (Z aie® +rlef)? + 2yi>
i=1

and recall that the left hand side of equation (4.8) precisely is (0; — L)u with
L = A+ B as defined in Theorem 1. With an easy calculus we obtain that

1 ~
(4.9) A+G:§azvg+b(§)-vg—r7

with b; (&) = b; +2m(e€, y) Z Laige®$i i =1,...,d, is the w-dissipative generator
of an analytic Co-semigroup with w < sup{|divb(¢)| : £ € R}, provided the right
hand side of this inequality is finite. And indeed we have

d d
| divh(€)] = > 0e,m(es,y) Y aije*
i=1 j=1

d

+ ) Jal

i=1

2¢;

656 J e
T+ [e€]?

< 4d>M,,
1+ e -

<2 ZZI%I

1=1 j=1

where M, := max{|a;;| : 4,5 = 1,...,d}. Thus Theorem 1 applies for the shifted
operator sum (n+ A + G) and B, n sufficiently large, i.e. the sum A+ G + B
generates a Cp-semigroup. Since the operator H is linear and bounded the Bounded
Perturbation Theorem (e.g. [EN00]) applies and thus A + G + B + H generates a
Cy-semigroup and we obtain the existence of a solution of the scaled problem (4.8)

with initial value w(0, &, y) = vo(ef, y).
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